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Background

Efficient and Effective Similarity Search over Bipartite Graphs

Similarity Search over Bipartite Graphs

Query Rewriting in
Search Engine

Online Advertising

Product Recommendation

Drug–target Prediction
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BHPP

Efficient and Effective Similarity Search over Bipartite Graphs

• Hidden Personalized PageRank (HPP)

𝑣!

𝑣"

𝑣#

𝑣$

𝑢!

𝑢"

𝑢#

𝑢$

𝑢!

𝑢"

𝑢#

𝑢$

𝑊 𝑢! : 𝑢! → 𝑢" → 𝑢# → 𝑢$ → 𝑢"
Steps: 0 1 2 3 4

𝜋 𝑢!, 𝑢# = Pr[𝑊 𝑢! stops at 𝑢#]

𝑈 𝑉

• 𝛼 probability to
stop at current
node
• (1 − 𝛼) probability

to jump to
randomly jump to 
an out-neighbour

A bipartite graph 𝐺

𝑂(|𝑈|$) cost
in the worst case

𝐺0
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BHPP

Efficient and Effective Similarity Search over Bipartite Graphs

• Bidirectional Hidden Personalized PageRank

𝑢!

𝑢"

𝑢#

𝑢$

𝑊 𝑢! : 𝑢! → 𝑢" → 𝑢# → 𝑢$ → 𝑢"
Steps: 0 1 2 3 4

A BHPP β 𝑢! + 𝑢# = 𝜋 𝑢!, 𝑢# + 𝜋 𝑢#, 𝑢! measures the similarity
between nodes 𝑢! and 𝑢# from the perspectives of both

• 𝛼 probability to stop at
current node
• (1 − 𝛼) probability to

jump to randomly 
jump to an out-
neighbour

𝐺0
𝑢!

𝑢"

𝑢#

𝑢$

𝑊 𝑢" : 𝑢" → 𝑢# → 𝑢$ → 𝑢!
Steps: 0 1 2 3

𝐺0
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Problem Definition

Efficient and Effective Similarity Search over Bipartite Graphs

• 𝜖-Approximate BHPP Query
• Input: A bipartite graph 𝐺 with
• 2 disjoint node sets 𝑈and 𝑉
• a query node 𝑢 ∈ 𝑈
• an absolute error threshold 𝜖

• Output: ∀𝑢0 ∈ 𝑈, an approximate BHPP value
𝛽1(𝑢, 𝑢0) such that

|𝛽0(𝑢, 𝑢3) − 𝛽(𝑢, 𝑢3)| ≤ 𝜖
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Baseline Solutions

Efficient and Effective Similarity Search over Bipartite Graphs

• Monte Carlo

𝑣!

𝑣"

𝑣#

𝑣$

𝑢!

𝑢"

𝑢#

𝑢$

𝑈 𝑉

A bipartite graph 𝐺

𝑊 𝑢! : 𝑢! → 𝑣! → 𝑢$ → 𝑣$ → 𝑢$ → 𝑣! → 𝑢"
Steps: 0 1 2 3 4 5 6

• If current node 𝑥 ∈ 𝑈
• 𝛼 probability to stop at current node
• (1 − 𝛼) probability to jump to randomly jump 

to an out-neighbour
• Otherwise
• jump to randomly jump to an out-neighbour

𝜋% 𝑢!, 𝑢# = #walks ending at 𝑢#/#walks

Too many random walks
𝜋% 𝑢, 𝑢& − 𝜋 𝑢, 𝑢& ≤ 𝜖 ∀𝑢& ∈ 𝑈
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Baseline Solutions

Efficient and Effective Similarity Search over Bipartite Graphs

• Power Iteration

𝑣!

𝑣"

𝑣#

𝑣$

𝑢!

𝑢"

𝑢#

𝑢$

𝑈 𝑉

A bipartite graph 𝐺

1 0 0 0

0 0

0 0

0 0

0 1 0 0

0 0 1 0

0 0 0 1
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××

𝑢!
𝑢"
𝑢#
𝑢$

𝑢! 𝑢" 𝑢# 𝑢$
𝑣!
𝑣"
𝑣#
𝑣$

𝑣! 𝑣" 𝑣# 𝑣$

1 0 0 0

𝑢! 𝑢" 𝑢# 𝑢$

⋯

weighted sum

1 0 0 0

0 0

0 0

0 0

0 1 0 0

0 0 1 0

0 0 0 1

0.5 0.5

0.5 0.5

0.5 0.5

1/4 1/4 1/4 1/4

××1/4 1/4 1/4 1/4

Too many iterations

𝐔 𝐕

𝜋% 𝑢, 𝑢& − 𝜋 𝑢, 𝑢& ≤ 𝜖 ∀𝑢& ∈ 𝑈
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Baseline Solutions

Efficient and Effective Similarity Search over Bipartite Graphs

• Selective Push

𝑣!

𝑣"

𝑣#

𝑣$

𝑢!

𝑢"

𝑢#

𝑢$

𝑈 𝑉

A bipartite graph 𝐺

residue 𝑟 = 1, 𝜋 = 0

𝑣!

𝑣"

𝑣#

𝑣$

𝑢!

𝑢"

𝑢#

𝑢$

𝑟 = 0, 𝜋 = 0.2 𝑟 = 0.8 , !$ = 0.2

𝑣!

𝑣"

𝑣#

𝑣$

𝑢!

𝑢"

𝑢#

𝑢$

𝑟 = 0.2, 𝜋 = 0.2 𝑟 = 0

𝑟 = 0.1, 𝜋 = 0

𝑟 = 0.1, 𝜋 = 0

𝑟 = 0.1, 𝜋 = 0

𝑣!

𝑣"

𝑣#

𝑣$

𝑢!

𝑢"

𝑢#

𝑢$

𝑟 = 0, 𝜋 = 0.24 𝑟 = 0.1

𝑟 = 0, 𝜋 = 0.02

𝑟 = 0, 𝜋 = 0.02

𝑟 = 0, 𝜋 = 0.02

𝜶 = 𝟎. 𝟐, 𝛜 = 𝟎. 𝟎𝟗

𝑟 = 0.08

𝑟 = 0.08

𝑟 = 0.08

𝑣!

𝑣"

𝑣#

𝑣$

𝑢!

𝑢"

𝑢#

𝑢$

𝑟 = 0.1, 𝜋 = 0.2 𝑟 = 0

𝑟 = 0.09, 𝜋 = 0.02

𝑟 = 0.09, 𝜋 = 0.02

𝑟 = 0.09, 𝜋 = 0.02

𝑟 = 0

𝑟 = 0

𝑟 = 0

⋯

until residue ≤ 0.09

𝜋' 𝑢& , 𝑢 − 𝜋 𝑢& , 𝑢 ≤ 𝜖 ∀𝑢& ∈ 𝑈

1

2 3

4 5
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Baseline Solutions

Efficient and Effective Similarity Search over Bipartite Graphs

• Monte Carlo + Selective Push (MCSP)
• Random walks from 𝑢: 𝜋% 𝑢, 𝑢& − 𝜋 𝑢, 𝑢& ≤ 𝜖/2 ∀𝑢& ∈ 𝑈
• Selective pushes from 𝑢: 𝜋' 𝑢&, 𝑢 − 𝜋 𝑢&, 𝑢 ≤ 𝜖/2 ∀𝑢& ∈ 𝑈
• Let 𝛽& 𝑢, 𝑢' = 𝜋( 𝑢, 𝑢' + 𝜋) 𝑢' , 𝑢 be approximate BHPP

• Power Iteration + Selective Push (PISP)
• Power iterations from 𝑢: 𝜋% 𝑢, 𝑢& − 𝜋 𝑢, 𝑢& ≤ 𝜖/2 ∀𝑢& ∈ 𝑈
• Selective pushes from 𝑢: 𝜋' 𝑢&, 𝑢 − 𝜋 𝑢&, 𝑢 ≤ 𝜖/2 ∀𝑢& ∈ 𝑈
• Let 𝛽& 𝑢, 𝑢' = 𝜋( 𝑢, 𝑢' + 𝜋) 𝑢' , 𝑢 be approximate BHPP
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Challenges

Efficient and Effective Similarity Search over Bipartite Graphs

• Monte Carlo
• Too many random walks needed
• Time complexity: 𝑂(#$%(|(|/*)

*,
)

• Power Iteration
• Too many iterations of matrix-vector multiplications
• Time complexity: 𝑂(|𝐸| 0 log(-*))

• Selective Push
• Practically efficient except the cases
• 𝜖 is very small
• graphs have high average degrees

• Time complexity: 𝑂(|𝐸| 0 -*) in the worst case

How?
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Proposed Solution: An Overview

Efficient and Effective Similarity Search over Bipartite Graphs

• A lemma: !(#,#%)'(#%)
= !(#%,#)

'(#) , 𝑑(𝑢) is the degree of node 𝑢

• Invoking Selective Push to compute 𝜋T 𝑢3, 𝑢 ∀𝑢3 ∈ 𝑈
• No need to compute 𝜋U 𝑢, 𝑢3 ∀𝑢3 ∈ 𝑈 from scratch

• How to ensure accuracy guarantee & improve time complexity
& retain practical efficiency? A combination approach

𝜖' =
( ) |+|,|-|
" ( ) |+|,|-|

V 𝜖

Selective and Sequential Push Power Iteration-based Push

𝜖' 𝜖 − 𝜖'

!(#,#!)
&(#!)

= !(#!,#)
&(#)

Residue sum

balance the costs
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Proposed Solution

Efficient and Effective Similarity Search over Bipartite Graphs

Selective and Sequential Push
• Drawbacks of the Selective Push
• 𝑢W, 𝑢X, ⋯ are not selected here

but will be selected in next round
•More push operations are caused
• More rounds of pushes needed for 𝑣*
• In each round, 𝑣* performs 99 pushes

• Bad memory access patterns
• Selecting nodes leads to random

access to node list

𝑣!

𝑣"

𝑣%%

𝑢!

𝑢"

𝑢%%

⋯

⋯𝑢#

⋯ ⋯

𝑟 = 0.2

𝑟 = 0.05

𝑟 = 0.15

𝑟 = 0.2

𝜶 = 𝟎. 𝟐, 𝝐𝒃 = 𝟎. 𝟎𝟔

𝑢#
𝑟 = 0.05
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Proposed Solution

Efficient and Effective Similarity Search over Bipartite Graphs

Selective and Sequential Push
• Solution:
• If the #pushes conducted > the cost of

power iterations
• Switch to the sequential push, i.e.,

performing pushes from every node with a
positive residue, until
• every residue ≤ 𝜖T or
• the sum of residues ≤ 𝜖T

• Result:
• Time complexity is bounded by

𝑂(|𝐸| 0 log(YZ))

𝑣!

𝑣"

𝑣%%

𝑢!

𝑢"

𝑢%%

⋯

⋯𝑢#

⋯ ⋯

𝑟 = 0.2

𝑟 = 0.09

𝑟 = 0.15

𝑟 = 0.1

𝜶 = 𝟎. 𝟐, 𝝐𝒃 = 𝟎. 𝟎𝟗

𝑢#
𝑟 = 0.09
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Proposed Solution

Efficient and Effective Similarity Search over Bipartite Graphs

Power Iteration-based Push
• A lemma: .(/,/1)2(/1)

= .(/1,/)
2(/) , 𝑑(𝑢) is the degree of node 𝑢

• No need to compute 𝜋( 𝑢, 𝑢' ∀𝑢' ∈ 𝑈 from scratch
• Steps:

• Let 𝜋) 𝑢' , 𝑢 , 𝑟 𝑢' ∀𝑢' ∈ 𝑈 be the output of the Selective and
Sequential Push

• Transform: 𝜋( 𝑢, 𝑢' = .(01)
.(0) / 𝜋) 𝑢' , 𝑢 ∀𝑢' ∈ 𝑈

• Perform selective pushes until
• every residue 𝑟 𝑢' ≤ .(01)

.(0) /
3435
6 or

• the #pushes conducted > the cost of power iterations
• switch to performing 𝑡 power iterations
• 𝑡 is determined by 𝜖 − 𝜖) and residues 𝑂(|𝐸| 0 log(YZ))
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Experiments

Efficient and Effective Similarity Search over Bipartite Graphs
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Query Efficiency

Efficient and Effective Similarity Search over Bipartite Graphs

• MCSP=Monte Carlo +
Selective Push

• PISP=Power Iteration +
Selective Push

• 𝛼 = 0.15, 𝑝( = 1045

• Result: ApproxBHPP
outperforms all 
competitors, often by an 
order of magnitude
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Query Rewriting

Efficient and Effective Similarity Search over Bipartite Graphs

• Setup:
• 20% edges removed
• evaluate the top-k 

ordering of queries via
NDCG

• Result
• BHPP consistently 

outperforms other 
similarity measures

• on Avito, at least 2% 
over state-of-the-art 
results

𝑘 = 10

𝑘 = 5
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Item Recommendation

Efficient and Effective Similarity Search over Bipartite Graphs

• Remove 20% edges and evaluate top-k recommendation performance via
𝑝𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛@𝑘 and 𝑟𝑒𝑐𝑎𝑙𝑙@𝑘

• BHPP consistently yields the best performance

𝑘 = 10

𝑘 = 5
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