
nA combination of HK-Push & Random Walks
q𝝆! 𝑣 = 𝒒! 𝑣 + ∑"∈$∑%&'( 𝒓!

(%)[𝑢] + 𝒉"
% [𝑣]

q𝛼 = ∑"∈$∑%&'( 𝒓!
(%)[𝑢]

qneeds 𝛼𝜔 random walks → 𝑂(𝛼𝜔𝑡) time
n Optimization 1: Balancing HK-Push and random walks

nOptimization 2: Pruning random walks

n Time: 𝑂 𝑛! + 𝑂(𝛼𝜔𝑡) → 𝑶(𝒕𝐥𝐨𝐠(𝒏/𝒑𝒇)
𝝐𝒓𝟐𝜹

), Space: 𝑶(𝒎+ 𝒏 + 𝒕𝒍𝒐𝒈(𝒏/𝒑𝒇)
𝝐𝒓𝟐𝜹

)

nLocal Clustering
qExplodes the local neighbourhood

around the seed node only to find S

q S has min conductance

nThe Heat Kernel PageRank (HKPR) from 𝑠 to v is 
q𝝆! 𝑣 =ℙ[Random walk of length-k from 𝑠 stops at v]

q k follows a Poisson distribution with mean t; k’s probability: 𝜂 𝑘 = !!""#

#!

nSweep Cut

1. Heat Kernel-based Local Clustering

local cluster S
𝜙 𝑆 =

#(𝑒𝑑𝑔𝑒𝑠 𝑐𝑢𝑡)
∑$∈&𝑑(𝑢)

§ Applications

community
detection

image
segmentation

protein
grouping

Efficient Estimation of Heat Kernel 
PageRank for Local Clustering
Renchi Yang, Xiaokui Xiao, Zhewei Wei, Sourav Bhowmick, Jun Zhao, Rong-Hua Li

3. The Basic Ideas

2. Existing Approximate Solutions

5. Experimental Results

4. The TEA+ Algorithm

nClusterHKPR
q Sets max random walk length 𝐾 = 𝑂( !"#(%/')

!"# !"# %/'
)

q ⁄16log(𝑛) 𝜖) truncated random walks from s
q .𝜌*[𝑣]= Fraction of random walks stopping at 𝑣

nHK-Relax
qSets initial residual 𝒓%[𝑠, 0] = 𝑒&"

qAt 𝑘-th hop from s, 𝒓%[𝑣, 𝑘] → reserve  (𝑘 ≤ 2𝑡log( '
('
))

; distributes /
012

×𝑟%[𝑣, 𝑘] to neighbors evenly
q .𝜌*[𝑣]= Sum of reserves at 𝑣

𝔼 X =
#(randomwalks ends at 𝑣)

#(all randomwalks)

Rolling a biased dice, 
with probability 𝒓(

(*)[𝑢]/𝛼, 
it shows 𝑣!

If the random walk ends at 
𝑣, X = 1, otherwise 0

At ℓ-th step, with probability "($%ℓ)
(($%ℓ)

,
the random walk stops, otherwise,
jumps to a random neighbor

1 2

3𝑣

q Max #hops K: %
+/,

-/.
= 𝜖/ 5 𝛿

q If cost(HK-Push) > 0.5 ∗
cost(random walks), switch to 
random walks

n (𝑑, 𝜖& , 𝛿)-approximate HKPR
q∀ 𝑣 ∈ 𝐺 𝑠. 𝑡. ⁄𝝆! 𝑣 d 𝑣 > 𝛿,

q∀ 𝑣 ∈ 𝐺 𝑠. 𝑡. ⁄𝝆![𝑣] d(𝑣) ≤ 𝛿,

nMonte-Carlo Random Walks 

qAt 𝑘-th hop, stops with probability 0(1)
2(1)

; otherwise, jumps to a random 

neighbor. ω = 3 456$/7 89:(;/!%)
6$&<

random walks.
q 0𝜌=[𝑣]= Fraction of random walks stopping at 𝑣.
0𝜌=[𝑣] is a (𝑑, 𝜖> , 𝛿)-approximate HKPR vector.

nHK-Push

q𝝆= 𝑣 = 𝒒= 𝑣 + ∑?∈A∑1BCD 𝒓=
(1)[𝑢] > 𝒉?

1 [𝑣]
qEach node 𝑣: a reserve 𝒒= 𝑣 and a k-hop residue 𝒓=

(1)[𝑣]
q Initially, sets 𝒓=

(C) 𝑠 = 1 ; at k-th hop, converts 0(1)
2(1)

×𝒓=
(1)[𝑣] → 𝒒= 𝑣 , 

pushes the remaining residue to neighbors evenly
q 0𝜌=[𝑣]= Sum of reserves at 𝑣
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Algorithm Accuracy Guarantee Complexity

ClusterHKPR ℙ[# $𝜌! 𝑣 − 𝜌! 𝑣 ≤ 𝜖 * 𝜌! 𝑣 , if 𝜌! 𝑣 > 𝜖
$𝜌! 𝑣 − 𝜌! 𝑣 ≤ 𝜖, otherwise ] ≥ 1 − 𝜖 𝑂(

𝑡log(𝑛)
𝜖" )

HK-Relax |
$𝜌! 𝑣
𝑑(𝑣) −

𝜌![𝑣]
𝑑(𝑣) | ≤ 𝜖# 𝑂(

𝑡𝑒$log(1/𝜖#)
𝜖#

)

Our solutions ℙ

$𝜌! 𝑣
𝑑 𝑣 −

𝜌! 𝑣
𝑑 𝑣 ≤ 𝜖% *

𝜌! 𝑣
𝑑 𝑣 , if

𝜌! 𝑣
𝑑 𝑣 > 𝛿

$𝜌! 𝑣
𝑑 𝑣 −

𝜌! 𝑣
𝑑 𝑣 ≤ 𝜖% * 𝛿 , otherwise

≥ 1 − 𝑝& 𝑂(
𝑡log(𝑛/𝑝!)
𝜖"# 2 𝛿

)

K=4

K hops

?
$∈.
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*/0
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𝒓𝒃(

(*)[𝑢] A 𝒉$
* [𝑣]?

$∈.

?
*/0

1
𝒓(
(*)[𝑢] A 𝒉$

* [𝑣]

max{0, 𝒓(
* 𝑢 − 𝛽* A 𝜖2𝛿 A 𝑑(𝑢)} min{𝒓(

* 𝑢 , 𝛽* A 𝜖2𝛿 A 𝑑(𝑢)}

𝝆F 𝑣 = 𝒒F 𝑣 +&
G∈I

&
JKL

M
𝒓F
(J)[𝑢] + 𝒉G

J [𝑣]

Total portion of random walks that not stopped yet

∈ [0, 𝜖+𝛿 3 𝑑(𝑣)]

Estimated as 
0.5 A 𝜖2𝛿 A 𝑑(𝑢)

• If 𝒓F
(J) 𝑢 becomes 0, 

meaning it’s accurate and 
no need for random walks

• Otherwise, pruning 𝛽J +
𝜖N𝛿 + 𝑑(𝑢) portion of 
random walks  
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sHK-Push Random walks


